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Background

Real-time information delivery is important in modern networked systems

ams
Digital Workflow
Asset Management

ey t
' L)
W
Smart Factory Autonomous Driving Multi-agent System
The classic latency metric is inadequate to reflect the timeliness requirements
Two underlying assumptions of latency-centric designs:
e Al: The quality of information decreases linearly over time u Usually NOT Valid!]

e A2: The quality of information decreases with time in a way that is independent of the content of the information
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Motivation

Example: A binary Markov chain being observed by a remote monitor.

9-0-0-96-6-6-0-0-9- So = 0 1s still useful in the next few
ot Sg =0 S time steps
0.01 st e o E00] If s, = 0, then the state remains in 0
2., L7 =L IULIR with high probability in the next few
0.99 0.7 g /,' time steps.
05 .,S — 1 .
0.3 />0 So = 1 quickly becomes outdated
ol If so = 1, we can hardly infer the
. . time (n) o states of the next few time steps
A binary Markov Chain n-step transition probabilities without new updates.

From the perspective of the remote monitor:

+ Even from the same source, some information becomes outdated quickly while others slowly.

+ The information quality evolves over time in a way that depends on the value of the last update s.

Neither the classic latency metric nor the more contemporary age-of-information (Aol) metric capture this attribute.
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Age of Information

An emerging metric for information freshness: Age of Information (Aol)

The time elapsed since the generation of the last packet delivered to the receiver

Aol-related metrics

Various increasing (possibly nonlinear)

Packet Deliverin functions of Aol are used to capture
& | the system dynamics.

Aol |  Packet Generation

Packet Receiving

ty —t3 Information content is still not
considered in these metrics.

tr —to

¢ Aol metric still assumes A1 and A2

¢ Aol-related metrics partially relax A1 (nonlinear increasing)
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Uncertainty of Information: An Information-theoretical metric

Shannon’s entropy measures how much we do not know about the current state

O_l s s, ] Given the latest observation s, the
05 “m i~ 23 ) remote monitor’s uncertainty about
0.01 _op S =1"m the states of the next few time steps
% oo ‘m_ ‘ are
099 O 1 07 50:4— "~ 1~ — > IOW, lf SO = O
k\\-___,,/// G s B
03 02t .—_.—_._SP.__'__.__..-._I > hlgh, lfSO =1
IOT —_— So = 1 quickly becomes outdated
time () because 1t contains less information
A binary Markov Chain Uncertainty (entropy) over time about the future states

Q Uncertainty of Information (Uol):
£ The entropy of the current state conditioned on the latest observation

Ult]=- Z P[S, =x|S, =s]log, P[S, =x|S, =s] e Uol may NOT monotonically increase with time!
xe{0,1}

. . . I1 f the value of the last ob tion.

(Assume the latest observation at time t is S;, = s,t' < t) » Uolis dependent of the value of the last observation
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Uol Scheduling for Binary Markov Sources

System Model: M binary Markov processes being observed by a remote monitor

Process 1 Process 2 Process 3 Process M

5%

Shared Communication Medium

S

A
Monitoring Server

Markov sources:
¢ One-step transition matrix of process i (known to the monitor):

o [ - )

+ All Markov processes are ergodic and stationary

Channel model:

¢ Time-slotted communications scheduled by the monitor

+ Reliable communication medium used by m users each time (m < M)

¢ FEach transmission takes one time slot

Objective: minimize the long-term average sum-Uol

min lim lE [ i i U; [t]] :

T—oo T

2023/11/22
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Multi-armed Bandit (MAB) Problem: History

Two experimental treatment/medicines are available for a certain disease

Each treatment 1s modeled as a Bernoulli random variable with an unknown parameter
Each time a patient comes, select a treatment to use for the patient

Goal: maximize the (expected) cure rate

Beeninnpeinueie  (Online learning under the MAB model is a hot topic recent years)

e M bandit processes with unknown parameters, no prior distributions are assumed
e Maximize the expected reward (alternatively, minimize the regret) via online learning

Bellman 1956: Belief MDP

e Assume a prior distribution (belief) for each treatment

e Update the beliefs with arriving samples (each belief process is Markovian)
e Solved by dynamic programming
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Multi-armed Bandit (MAB) Problem: Definition

M discrete-time Markov bandit process with countable states

Controls applied at time t:
> u(t) = 0 freezes the process (no state transition and no reward)
> u(t) = 1 activates the process, leading to a state transition and an instantaneous reward

At each time step, only one bandit can be activated

Goal: maximize the cumulative reward

u Challenge: curse of dimensionality (the state space increases exponentially with M)

Gittins 1976: Gittins Index Policy

The optimal policy for MAB is an index policy
Index policy: there exists a function G;(s;), computed separately for each bandit i, such
that for every state S = [sq, S5, ***, 5], the optimal policy activates the bandit:

[ = argmax{G;(s;)}
i€[M]
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Restless Multi-armed Bandit (RMAB)

Whittle (1988) generalized MAB to RMAB in two ways:

>

>

Some facts: EaEZ ) EQ,E)&

>

u(t) = 0 does not freezes the process. The unactivated processes may also have
rewards and state transitions (hence, the term “restless” in RMAB)

At each time step, k bandits can be activated (1 < k < M)

RMAB i1s P-SPACE hard (Papadimitriou 1999)

Gittins index policy 1s not optimal for RMAB.
Whittle proposed a new index policy, which 1s now referred to as Whittle’s index policy

Whittle’s index policy is asymptotically optimal (Weber and Weiss 1990)

2023/11/22
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RMAB Formulation

Formulate the Uol scheduling problem as a Restless Multi-armed Bandit (RMAB):

n M Markov bandit processes
o Define a belief MDP for each Markov process (i.¢., a bandit)
¢ Belief state of the i-th belief MDP: x;(t) £ P{S;(t) = 1]|value of S;(t')}

n At each time step, only m < M bandits can be selected

¢ Action of the i-th belief MDP: u;(t) € {0,1}, where u;(t) = 1 (active action) means that
this process is selected to transmit at time ¢.

o The unselected bandits are said to be applied with passive action (u;(t) = 0)

u Belief state transition under different actions:

;

Dis if u;(t) =1 and S;(t)
ri(t+1)=91—¢q, ifu(t)=1and St)
| T(i(t)), ifwi(t) =0

0 7(+) 1s the one-step belief state

evolution under the passive action

T(zi(t) £ pi + ()1 — pi — ).

1

B Cost function of the i-th belief MDP in belief state x; () : Us[t] = H(x;(t)) with H(-) being the entropy function

2023/11/22 Uncertainty of Information (Uol) of Binary Markov Sources
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RMAB Formulation

Uol scheduling problem in RMAB form:

2023/11/22

T M
P1: {zrzlm} %EEO_ZZH vi(t

t=1 i=1

s.t. Zuz(t) =m, Vit
i=1

Uz(t) c {0, 1}7 VZ7t

Uncertainty of Information (Uol) of Binary Markov Sources
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RMAB Decomposition: Whittle's Method

Uol scheduling problem in RMAB form:

T M
P1: {zrzlm} %EEO_ZZH vi(t

t=1 i=1

Uz(t) c {0, 1}7 VZ7 t.
Lagrange multiplier method:
M
P2 : mm lim — H (x;(t))+A\ wi(t)| —mA
i i 3 [ )33 uo)

For any fixed A, P2 can be decoupled into M subproblems:

T
| . : :
Ji = {lgilg;l} 711_1}50 7 E H (2i(t)) + Aui(t)], 0 € [M] Single bandit problem

t=1

- Relaxation 1
s.t. Zui(t) =m, Vi » Jim — DO wilt)y =m.
=1

2023/11/22 Uncertainty of Information (Uol) of Binary Markov Sources
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The Single Bandit Problem

Each single bandit problem with fixed A 1s an MDP
T
1

J; ’= min lim — H (x;(t)) + Au;(t)], i € [M
min, i DA )+ N € 1

o Cost for state-action pair (x,u): H(x) + Au (4 is called the service charge)

+ Optimality equation (Bellman equation):

V(x)+g=H(x)+min{1+xV(1-q)+1-x)V(p),V ((x))}
\ Y J \_Y_)
a(x) r(x)

& The optimal policy partitions the belief state space into two sets:

e Passive set E5(1): = {x:a(x) = r(x)} (i.e., u = 0 is the optimal actions)
e Active set EX(1): = {x:a(x) < r(x)} (i.e., u = 1 is the optimal action) Passive set E§ (1)

X

Note: E{ (1) and EL(A) vary with A =

Active set EL (1)
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Whittle Index Policy is Near-optimal

Whittle index policy only applies to indexable problems

Two

steps for developing the Whittle index policy:

Step 1: Establish the indexability

Indexability: A bandit i is indexable if the passive set E§(1) monotonically expands from
the empty set to the whole state space as A increases from 0 to +00. An RMAB is indexable
if all bandits are indexable.

Step 2: Compute Whittle indices

¢ For every bandit, assign an index for each belief state x;: W (x,) = iI}f {/1 :x, € E, (2)}

W (x;) is the service charge making the two actions equally rewarding in state x;

o At cach time, select the m bandits with the greatest m indices.

We aim to develop the Whittle index policy for the Uol scheduling problem!

2023/11/22
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Threshold Structure of the Optimal Policy

Bellman equation: V' (x)+ g = H(x)+min {1+ xV (1-¢q)+(1-x)V (p),V ((x))}

\ Y J \_Y_)
a(x) r(x)

The active set is E; = {x: a(x) < r(x)}; the passive setis Ey = {x:a(x) = r(x)} ]

7(X)
Proposition 2.10 L] ‘T:
— 1 a(x) Y
For any A € (0, +), there exists two thresholds 0 < x! < x* < 1 such )
that a(x') = r(x!), a(x*) = r(x!), and that E; (1) = (x!, x%). If (x}, x%) [
is empty, then E;(1) = (0,1).
9 y - e L
0 x" 1
s '
The active set E; (A) is always a single continuous interval (if not empty) Passtve set

@W Active set (sampling region)

2023/11/22 Uncertainty of Information (Uol) of Binary Markov Sources 16



Transmission is Always Desired

Bellman equation: V' (x)+ g = H(x)+min {1+ xV (1-¢q)+(1-x)V (p),V ((x))}

\ Y J \_Y_)
a(x) r(x)

The active set is E; = {x: a(x) < r(x)}; the passive setis Ey = {x:a(x) = r(x)} ]

Corollary 2.11. For any single-bandit problem with zero service charge (i.e.,

r(x
A = 0), the sampling region of the optimal policy is (0.1). 3 _x)

Implication of Corollary 2.11

Although Uol is not a monotonically increasing function of age, a specific 0 1

remote process may still want to update its observation at every available
\opportunity to minimize its average Uol.

@8 Passive set is empty if A = 0

) @ Active set (sampling region)
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A Sufficient Condition for Indexability

Bellman equation: V' (x)+ g = H(x)+min {1+ xV (1-¢q)+(1-x)V (p),V ((x))}

\ Y J \_Y_)
a(x) r(x)

The active set is E; = {x: a(x) < r(x)}; the passive setis Ey = {x:a(x) = r(x)} ]

7(X)
Lemma 2.13 (Monotonicity Condition) ,’///’/ ‘T:
— 1 a(x) \
Suppose that for any A > 0 such that (x!, x%) is non-empty, we have )/
/
/ / u u
oa(x',A) . or(x',A) nd oa(x", 1) S or(x", ) o <A
oA oA oA oA o-f_”1_' X
Then x* monotonically increases with A, while x* monotonically * _ ¥
decreases with A. @S Passive set

N J @W Active set (sampling region)

If the condition holds, then the active set shrinks monotonically. Consequently,
the passive set expands monotonically, implying the indexability.
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The Uol Scheduling Problem is Indexable

Proposition 2.18: A monotonic bandit (p + g < 1) is indexable.

Proposition 2.19: An oscillating bandit (p + q > 1) is indexable. |

Belief state evolution under the passive action

0.9

o.si 1— q= 0.8 9 P = 0.8

0.7 '\‘ 0.7"l '.I
o N 2 ine
%05 \\ %0.5 " "r‘k,’
%_J w °v %_J w :‘ "AI‘\('\t 3»',3 023880 60-0 ©-0-0-0-0-0
< 04 N o S oaly 'l‘,“lgd
i:; 03T T e 2058880000000 é . '“;' l"

(-3

0.2 /.,r 0.2 !

0.1T p = 0.1 e 1 — q = 0.1

0 2 4 5 8 1‘0 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20

k k
Monotonic bandit (p + q < 1) Oscillating bandit (p + g > 1)
Theorem 2.17: The RMAB is indexable. ]

—
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Algorithm to Compute Whittle Index

The RMAB is indexable, but the closed-form expression for Whittle index is not available.

o P l-g 4 .
B 50-2 TR R R e s e 7y hastwo candidates:pand 1 — ¢
f t

n E, expends as A increases

If z, is determined, then z,
has two candidates: x} and x¥

Whittle index definition

W(x)= iI}f{/i rx € Ey(A)}

o P l-g 1 If{z,-,z,}are determined,
, e e e e T I T Yoo o then z,, ;1 has two candidates:
¢ Denote by z;, the k-th belief 4 4 Ll and x¥
state that enters passive set. - X ntl ntl
Passive set @8 Active set

How to identify z; from its two candidates?

Compute W (xj) and W (x}), then z; = argmin{W (xy), W (x})}

2023/11/22 Uncertainty of Information (Uol) of Binary Markov Sources 20



Algorithm to Compute Whittle Index

Proposition 2.20. For a monotonic bandit (p+ ¢ < 1), the Whittle index of

X,+1 can be computed as follows:

1. For0<n<e—1,

BnH(Tn—f—l) - Gn — (Xn—l—l — Tn-l—l) On
(Xn‘i‘l T Tn—l—l) (Ln - Kn) + q(Kn) —|— p(Ln) ’

W(Xn—l—l) —

2. Fore < n < |E|—1,let (2!, 2*) denote the sampling region of the optimal
policy with A = W(x,.1). If x,,.1 = 2!, then W(x,41) =

F K,
Q(K”)El [H (Tk(XTL+1)) - H (p(k)” — Xnt1 2 [H (1 - C](k)) - H(Wﬂ
q(Kn) =+ Xn+1
If x,.1 = 2%, then W(x,11) =
K,
Q(K”) H (Tny1) — H(w)] = (%ng1 — Tur1) kz_:l [H (1 - q(k)) - H(wﬂ

Xn+1 — Tn+l

2023/11/22 Uncertainty of Information (Uol) of Binary Markov Sources
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Algorithm to Compute Whittle Index

Proposition 2.21. For an oscillating bandit (p + ¢ > 1), the Whittle index

of x,,.1 can be computed as follows:

2
1. For 0 < n < e Let 7y = T(Xn“)?ﬂgﬁl 2 73 (%xpq1). If 7oy €

{x1,-- %, }, W(x,a1) is given by

By [H(Tn“‘l) + H(TTE,?l)} —2G, — (Xn—l—l — 7_72321) C,,
(Xn—l—l — Tfrgfgl) (Ln — Kn) —|— 2 (q(Kn) —|— p(Ln))
If 7,01 € {x1,--- .x,}, then

BnH(Tn+1) — G, — (Xn+1 — Tn—l—l) C,
(X71+1 _ Tn-|—1) (Ln — K’I’l) —|— q(Kn) —|— p(L'rz)’

W(Xn+1) =

W(Xn+1) =

where B,,,C,, and G, are defined in Proposition 2.20.

2. Fore<n<|E|, W(x,) =W(x.) =W(w).

3. Finally, W(x|g|) can be computed by (2.51).

2023/11/22 Uncertainty of Information (Uol) of Binary Markov Sources
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Simulations

Whittle index policy achieves near-optimal performance

In Uol scheduling problems

Optimal | WI Myopic | WI Myopic

(pi> i) Uol Uol Uol regret regret
(0.1,0.1)

Bl | (0.6,0.6) | 2.469 2.469 2.792 0 13.8%
(0.3,0.3)
(0.1,0.3)

B2 | (0.6,0.6) [ 2.2963 2.2968 | 2.7005 0.02% | 17.6%
(0.1,0.2)
(0.1,0.3)

B3 | (0.5,0.6) | 2.2158 2.2179 | 2.6506 0.1% 19.6%
(0.9,0.9)

3-process systems

o Optimal | WI Myopic | WI Myopic
D) Uol Uol Uol regret | regret
(0.05,0.2) 7
AL | 02.0.4) 12866 | 1.2867 | 1.527 | 0.01% | 18.7%
(0.2,0.2)
A2 (0.4.0.4) 1.7219 1.7219 | 1.873 0 8.8%
(0.95,0.95)
A3 0.7.0.7) 1.2864 1.2864 | 1.5668 0 21.8%
(0.05,0.1) 9
A4 0.2.0.9) 1.0309 1.0318 | 1.2424 0.09% | 20.5%
2-process systems
& Optimal Uol: the optimal policy is determined by the value iteration algorithm
¢ WI Uol: results of the Whittle index policy
¢ Mpyopic Uol: results of the myopic (one-step greedy) policy
& WI regret = (WI Uol — Optimal Uol)/Optimal Uol
2023/11/22
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Simulations

Whittle index policy achieves near-optimal performance in other RMABs

Our method is applicable to any C-type RMAB:

C-type RMAB

An RMAB is called C-type if it is of the form of problem P1 and the penalty function H (x)

1s a concave function of the belief state x.

Optimal | WI Myopic | WI Myopic

(Pi> i) penalty penalty | penalty | regret | regret

Cl1 Eg 25605)2) 1.057 1.064 1.275 0.7% 20.6%

C2 | o) | 1480 | 1482 | 1814 | 01% | 226%
(0.05,0.2)

D1 | (0.1,0.3) 1.1467 1.1485 | 1.4079 0.2% 22.8%
(0.4,0.7)
(0.1,0.2)

D2 | (0.1,0.8) 1.3843 1.3845 | 1.587 0.01% | 14.6%
(0.4,0.5)

H,(x) = ayx + oty (1- x) + BrJeix + a2 (1- x) — (a5 + (1 - X))’

2023/11/22

Optimal | WI Myopic | WI Myopic

(i> qi) penalty penalty | penalty | regret | regret

El 0.05,0.2) 1.2677 1.268 1.618 0.02% | 27.6%
(0.4,0.5) ' ' ' ' '
(0.05,0.2)

E2 | (0.4,0.5) 1.904 1.906 2.507 0.1% 31.7%
(0.1,0.2)

F1 Eg?l,SdOS)z) 21.466 21.622 | 32722 0.7% 52.4%
(0.05,0.2)

F2 | (0.4,0.5) 37.875 38.225 | 49.722 0.9% 32.3%
(0.1,0.2)

Uncertainty of Information (Uol) of Binary Markov Sources
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Uol Scheduling for Finite-state Markov Sources

System Model: M Markov processes being observed by a remote monitor

Process 1 Process 2 Process 3 Process M GenerahzatlonS:

' o Each process is an N-state Markov chain with transition matrix T

Shared Communication Medium

S

A
Monitoring Server

o Unreliable channel: process i succeeds with probability p; € (0,1]

+ Objectives: min total discounted Uol and long-term average Uol

Uol: U (1) =~ PLS,(1)| S,(t Y]log, PLS, () | S,(¢)]

S;(2)

Objective 1: minimize the expected total discounted sum-Uol

oo M

> ) pTUIx

t=1 =1

min £

Objective 2: minimize the long-term average sum-Uol

n M

> 9 ML

t=1 =1

min £

2023/11/22 Uncertainty of Information (Uol) of Finite-state Markov Sources 25



Whittle Index Policy: Pros and Cons

Whittle index policy is a famous policy for RMABs with many advantages:

¢ Offline computation, simple for execution

+ Computing the Whittle indices of a bandit is independent of other bandits (relatively low complexity)

o Near-optimal for a large class of problems

Limitations:
o It only applies to indexable RMABs. NOT all RMABs are indexable
o Establishing indexability is challenging

o Computing the Whittle indices is usually difficult due to the lack of closed-form expression

Establishing indexability for the generalized Uol scheduling problem is difficult!

Belief Space ; : :
. p J e Threshold structure Belief space o Active set is a convex set
u Active set ‘ ‘ o Active set is determined by : :
X two points e Infinite boundary points
0 X x“ 1
Binary Markov chain 3-state Markov chain

2023/11/22 Uncertainty of Information (Uol) of Finite-state Markov Sources
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Total Discounted Uol Scheduling

Develop a new index policy that does not require indexability

iiﬁ* H (X x]

t=1 =1

¢ Relaxation: P1l: min E

M :
Relaxat
Z w(t) = m, vt elaxation

00 M
By BTy u@-(t)]
t=1 =1

’sz(t) < {0, 1}7 Vi, t.

o Lagrange multiplier method:
co M

Zzﬁt i ) + (1)) lxl — %

t=1 i=1

Pl(a): mm sup
}A>O

o Lagrange dual problem:

oo M - m\
P1(h): ilio {Iglm E ;;[5 M (1)) + Au(t )}X] 1 5

According to LP theory or constrained MDP theory, P1(a)=P1(b). ]

2023/11/22 Uncertainty of Information (Uol) of Finite-state Markov Sources
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m
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Relaxation and Decomposition

o The Lagrange dual problem (equivalent to the relaxed problem):

oo M
mA
P1(b): sup min K B + A\u; - —.
0 sup i[53 )+ e )]x] i
¢ Decomposition of the inner min problem (fix A): ﬂ
Ji(A) = {m(ltl)l}]E Zﬁt o (1)) + Aui(t)) X(i)] , i€ |M]. Single bandit problem
' t=1

Basic idea of developing the novel index policy

Solve the relaxed problem and obtain its optimal policy
¢ Compute the optimal 1*

+ Determine the optimal policy for each single bandit problem J; (A*), combining
them yields the optimal policy for the relaxed problem

Derive a policy for the original RMAB by rounding up the optimal relaxed policy

Core issue: does J; (1) possess good properties that allow the Lagrange dual problem to be solved efficiently?

2023/11/22 Uncertainty of Information (Uol) of Finite-state Markov Sources

28



—

The Single Bandit Problem

Bellman equation of the i-th single bandit problem:

N
V,(X,2)=H(X)+min {z +BpS n V(T )+ B(1— p)V (T X, 2), B(TOX, ﬂ)} VX eQ,

k=1

Theorem 3.3. Foranyi and X € Q., V;(X,A) 1s an increasing, concave, and
piecewise linear function of 4 €[0, ). In addition,
oV (X, l) 1

oA 1 b

0<

The Lagrange dual problem reduces to maximizing a concave function
oo M

> D ) + Aui(t )]x] —%.

=1 =1

P1(b): sup min E
)\>0 {ui(t)}

z mA
)\>¥8 { T 3 } )\;g f\) f (1) is concave and piecewise linear

2023/11/22 Uncertainty of Information (Uol) of Finite-state Markov Sources
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The Lagrange Dual Problem

A dient method t te 1™ ,

o Stepl:Let A, = 0 and k = 0. Specify € > 0. Af‘ﬂm .
o Step2: Select a stepsize ay and compute 4, =4, +a, f'(1,) —
e Step3: Stop if 0 —s A R
' ' e—oo_o A
S (A (4)S0and |4, -4, [<e. . 0_8_8—8—3_
Otherwise, increment k by 1 and return to step 2. I
N J

¢ The stopping criterion:

Lemma 3.7. Denote by A* an optimal solution to P1(c), then A* > 0 and

ffAZ) =0, fi(AL) <0.
¢ f'(A) may not exist for some A because f (1) is piecewise linear
> Using f'(A1.) or f'(A;) instead, which are always well-defined.
2023/11/22
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Convergence of the Gradient Method

The algorithm stops within a finite number of iterations

{Ar} be the sequence generated by (

a finite integer D, such that

P1(c).

3.31

Theorem 3.8. Choosing a, = ¢/k with ¢ being a positive constant, and let

). Then given any € > 0, there exists

f'(Ap.)f'(Ap.+1) <0 and [Ap,+1 — Ap.| <e.

The interval between Ap_,; and Ap_ contains at least one optimal solution of

Note: (3.31) refersto 4, =4, +a, f'(4).

A remaining issue: how to compute f'(A) for a given A?

¢ For each bandit i, determine the optimal policy for J;(4), denoted by m; 4 df(\) M OVi(y @, \)

¢ 0V;/0A can be derived from the Markov chain generated by policy m; 5 i=1
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Finite-state Approximation

The single bandit problem has countably infinite belief states

L-truncated belief MDP of the single bandit problem

For a given positive integer L, the state space of the L-truncated belief MDP only consists of the
equilibrium distribution and the n-step transition distributions for 1 < n < L.

Theorem 3.6. Let L be a positive integer such that

max || T/ — w||s <npand  max |[H(T!™) — H(w)| < oy,
i€[N] i€[N],k>0

where 17,07, > 0, || - ||s denotes the max norm. In addition, suppose that
H(X) < By for X € 8. Then for any A € [0,00) and X € St,

poy, BH+)\
VX, \) — X (X, )\ + Bpnp N ———=.
VIXA) = 0 (XN < 775+ BN s
e n,—>0asL > o 0, >0asL > oo

o The approximation error can be arbitrarily small if L is large enough
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Gain Index Policy

Bellman equation for the i-th single bandit problem:

N
V,(X,4)= H(X)+min {ﬂ + B>V (T, A)+ B p)V(TV X, A), BV,(TOX, @}
\ k=1 ) J
Y

0, (X, 1) F(X, )

Optimal policy for the relaxed problem (OR policy)

Denote by A* the optimal solution to Lagrange dual problem. At each time, the i-th Markov source is
selected to transmit if and only if a; (X;(t), A*) < r;(X;(t), 1").

The Gain Index Policy (A rounded-up version of the OR policy)

For each Markov source i € [M], define for each belief state of J; (1), say X = [x4, x5, -, xy], a gain
index as follows:

N
W(X)=p,| V(TOX, A7) =Y x V(T 20)

J=1

d(0) 21 (X,(0,47)-a (X, (6),27) = BW,(X,(6)) - A
d;(t) can be interpreted as the gain of applying active instead of passive action to the i-th Markov source
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The Gain Index Policy is Asymptotically Optimal

Assumptions:
o — =qis fixed.
M
e The bandits of the RMAB can be divided into Q classes, where Q < co.
e The bandits of the same class are stochastically identical. The proportion of the k-th class is g5 € (0,1].

Proposition 3.18. Suppose Assumption 1 holds. Then for any M such that

The OR policy performs almost the same
as the gain index (GI) policy as M — oo

{Mg, : k € [Q]} are positive integers,

(M)
Pr B s M1} < 2 exp (—ZM%)
M M| - yM = ZZI u,(t) under the OR policy
m= ZZI u,(¢) under the GI policy
Theorem 3.19. Suppose Assumption 1 holds. Then N /

1 ind 1 opt 1 rel
g g = i g = i i

GI policy value  Optimal value Relaxed optimal value

Forany M, J' >J% > J ]
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Uol Scheduling with Average Cost Criterion

All the previous results can be extended to the Uol scheduling with average cost criterion

Bellman equation for the i-th single bandit problem:

N
Z(X, ) +g(A)=H(X)+ min{z +pY X Z(TO, )+ (1- p)Z(TOX, m,z,-(T“)X,z)}

k=1

The Gain Index Policy (average cost criterion)

For each Markov source i € [M], define for each belief state of J; (A1), say X = [xq, x5, *+, xy], @ gain
index as follows:

WA(X)= p{Z(T(’)Xﬂ,) ZxZ(T(i),ﬂ*)

j=1

Theorem 3.20. The gain index policy is asymptotically optimal for the

RMAB with average cost criterion:

_ (ynd _ i Op?f_ T rel
J\/}flin MG ]\/}'lin MG f\/}flin MG
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Simulations

The gain index policy shows near-optimal performance

The Discounted Cost Criterion

The Average Cost Criterion

oroup Optimal Policy | Gain Index Policy | Optimal Policy | Gain Index Policy
Al 27.31 27.35 2.71 2.71
A2 25.17 25.23 2.47 2.47
A3 24.28 24.29 2.358 2.359
Uol scheduling of 2 remote Markov sources with 3 states
Group The Discounted Cost Criterion The Average Cost Criterion
Optimal Policy | Gain Index Policy | Optimal Policy | Gain Index Policy
Bl 15.48 15.59 2.94 2.94
B2 15.63 15.74 3.02 3.04
B3 16.32 16.36 3.14 3.16

2023/11/22
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The gain index policy performs as well as the Whittle index policy for Whittle-indexable problems

Simulations

Group (M.m) | Gain Index | Whittle Index | Myopic | Round-robin
Cl(p=1) (5,2) 3.73 3.73 3.87 3.96
C2(p=1 | (10,3) 7.36 7.37 7.87 7.73
C3(p<l) (5,2) 3.85 3.85 4.31 4.25
C4(p<l) (8,4) 5.73 5.73 6.35 6.52

Average Uol of different policies under different (indexable) settings

The Uol scheduling problem for binary Markov sources are Whittle-indexable

M : The number of Markov sources

m: m Markov sources can be selected at each time

Myopic policy: compute the current Uol at each time and select the m Markov sources with the largest m Uols

2023/11/22
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Simulations

The gain index policy applies to any RMAB with bounded cost functions

Group | (M,m) | Optimal Policy | Gain Index | Whittle Index
Fl (3,1) 53.2 53.56 53.72
F2 (4,1) 88.7 91.18 92.06
Gl (2,1) 5.03 5.07 5.08
G2 (3,1) 12.65 13.12 12.98

Performance of the gain index policy for general RMABs

Groups F1 and F2: the RMAB:S is a scheduling problem that minimizes the discounted total error covariance
of multiple remote Kalman filters [1].

Groups G1 and G2: the RMABSs is a minimum-Aol scheduling problem [2].

[1]J. Wang, X. Ren, Y. Mo, and L. Shi, “Whittle index policy for dynamic multichannel allocation in remote state estimation,”
IEEE Transactions on Automatic Control, vol. 65, no. 2, pp. 591-603, 2020.

[2] V. Tripathi and E. Modiano, “A whittle index approach to minimizing functions of age of information,” in 57th Annual
Allerton Conference on Communication, Control, and Computing (Allerton). IEEE Press, 2019, pp. 1160-1167.
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Conclusion

This work explored a broader notion of timing in networked systems:

e Proposed using the uncertainty of information as a metric for information update systems

o Studied the Uol scheduling for binary Markov sources and developed a Whittle index policy
> Established the indexability

» Proposed an algorithm to compute the Whittle index

o Studied the Uol scheduling for finite-state Markov sources with unreliable channels
> Developed a gain index policy that does not require indexability (good universality)
» Proposed an algorithm to compute the gain index

> Proved the asymptotic optimality of the gain index policy

2023/11/22 Uncertainty of Information
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Future Work

A limitation: The effectiveness of the Uol metric has not been validated in practical systems

® Experimental study: Finding a suitable application and implementing a real system to assess the
S performance of a Uol-based design against latency-based and Aol-based designs

A valuable point: The information quality evolves over time in a way that depends both on the
value and age of information

Generalization: explore a broader notion of timing for networked systems. Define a general metric

q(x,t), where x 1s value, ¢ 1s age

> What assumptions are needed for g(x, t)?

> Answer these questions: When should the transmitter send a new update? How urgent 1s
it for the receiver to obtain a new update?

Discovering fundamental results, e.g., establishing connections between q(x, t) and the performance
of upper layer applications (control, inference, forecasting...)

Other potential extensions:

e Distributed transmission policy (random access) e Uol-scheduling with fairness in mind

2023/11/22 Uncertainty of Information 40
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